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Abstract
In this paper we analyse the effect of the anomalous magnetic moment on the
non-relativistic quantum motion of a neutral particle in magnetic and electric fields
produced by linear sources of constant current and charge density, respectively.
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1 Introduction
The role played by topology in the physical properties of a variety of system has been
analysed in different areas as gravitation theory and condensed matter physics, for exam-
ple. Topological defects appears in classical filed theory, as consequence of spontaneously
broken of gauge symmetry as monopoles, strings and wall [1]. In condensed matter physics
they are vortices in superconductors or superfluid and domain wall in magnetic materi-
als [2], and dislocations or disclinations in disordered solid or liquid crystal [3]. Cosmic
strings and disclinations are linear defects that changes the topology of the the medium
in a similar way. In fact the similarity between these two objects goes beyond the topol-
ogy: for some applications both kind of defects can be treated by the same geometrical
methods [4].
Although the spacetime produced by a thin, infinite, straight cosmic string is locally
flat [5], globally it is not. In fact the lack of global flatness is responsible for the existence
of an induced electrostatic self-interaction on a point charged particle [6, 7], and also
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an induced electrostatic and magnetostatic self-interaction on a long straight wire which
present constant linear density of charge and current parallel to the topological defect [8],
gravitational analog of the Aharonov-Bohm effect [9], among others [10].
The metric tensor associated with infinite straight cosmic string lying along the z−axis
can be given in cylindrical coordinate system by the following line element:
d2s = −c2dt2 + dr2 + α2r2dφ2 + dz2 , (1)
where r ≥ 0 and 0 ≤ φ ≤ 2π. The parameter α is given in terms of the linear mass
density of the cosmic string µ by α = 1 − 4µ/c2, which is smaller than unity. The linear
defect in crystal liquid disclination, is obtained by either removing or inserting a wedge of
material. Being σ the angle that defines the wedge, the metric of the disclinated medium
is, in cylinder coordinates, similar to (1) according to the geometric approach given in
Ref. [4], however α = 1+σ/2π. The space section corresponding to a conical one and the
only nonzero components of the Riemann curvature tensor and Ricci tensor are give by:
R1212 = R
1
1 = R
2
2 = 2π
1− α
α
δ2(~r) , (2)
where δ2(~r) is the two dimensional delta function in flat space [11]. From the above
expression follows that if 0 < α < 1, the defect presents a positive curvature and a planar
deficit angle. On the other hand for disclinated medium the α parameter can be greater
than unity for positive σ, and in this case the defect carries negative curvature and excess
of planar angle, which corresponds to an anticonical spacetime.
As it was shown in [8] the presence of linear electric or magnetic source in the spacetime
of a cosmic string parallel to the latter, become subject to a induced self-forces per unit
length given by
~FEle.
l
=
(p− 1)λ2
r
rˆ (3)
and
~FMag.
l
= −(p− 1)
r
j20
c2
rˆ , (4)
where p = 1/α, λ the linear electric charge density and j0 the current. We can see that
for p bigger than unity the electric self-force becomes repulsive and the magnetic one
attractive. For p smaller than unity the opposite situation occur.
The electric and magnetic fields produced by these two linear sources can be obtained
as shown below:
(a) Electric Field
Let us first calculate the scalar potential produced by the uniform linear charge density.
In general the scalar potential is given by the Poison equation
∇2Φ(~r) = −4πρ(~r) , (5)
where in this case ρ(~r) = λδ2(~r − ~r0). Calculating the solution to the Green function in
the section z = t = const.
∇2G2p(~r, ~r0) = −4πδ2(~r − ~r0) , (6)
one finds
G2p(~r, ~r0) = − ln
[
r2p + r2p0 − 2(rr0)p cos(φ− φ0)
]
. (7)
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So the scalar potential reads
Φ(~r) = λ G2p(~r, ~r0) . (8)
The electric field is obtained taking its negative gradient: ~E = −~∇Φ(~r).
(b) Magnetic Field
The vector potential associated with this linear current can be calculated by
~A(~r) =
1
c
∫
d2r G2p(~r, ~r
′) ~J(~r) , (9)
with ~J(~r) = j0zˆδ
2(~r′ − ~r0). Substituting this expression inside the integral above we
obtain:
~A(~r) =
j0
c
zˆ G2p(~r, ~r0) . (10)
Finally the magnetic field can now be calculated by taking its rotational: ~B = ~∇× ~A.
The propose of this paper is to analyse the non-relativistic quantum motion of an
uncharged spin-1/2 particle with an anomalous moment interacting with the electric and
magnetic fields produced by a linear electric and magnetic sources in the cosmic string
spacetime. In order to do that we shall consider the non-relativistic limit of the modified
Dirac equation in this spacetime. Two different situations will be considered: (i) For
p > 1, the electric current will be attracted to the cosmic string (disclination), while the
linear charge distribution will be repelled by it. As the final configuration we expected
that the current will be superposed to the cosmic string. Taking r0 = 0 in (10) and its
rotational, we obtain an azimuthal magnetic field
~B(~r) =
2j0 p
cr
φˆ . (11)
(ii) For the case where p < 1, the linear charge distribution will be attracted to the
disclination and the current repelled. In this case we expected as final configuration to
have the linear charge superposed to the linear defect. The electric field produced by this
configuration can also be obtained by taking the negative gradient of the scalar potential
considering r0 = 0. This field is radial as shown below:
~E =
2λ p
r
rˆ . (12)
The effect of an arbitrary electromagnetic field in the quantum motion of a neutral
particle with anomalous magnetic and electric moments has been analysed by Anandan
[12]. There, using the non-relativistic limit of the Dirac equation Anandan was able to
shown that the two-component wave-function associated with the particle acquires an
Aharonov-Bohm phase. The induced gauge field presents a non-Abelian character which
makes the analysis of the quantum and classical motion, and the phase shift richer. More
recently Audretsch and Skarzhinsky [13] have analysed the Aharonov-Bohm scattering of
a charged particles and neutral atoms with induced electric electric dipole moments in
absorbing medium using the Schrodinger equation in the z = 0 plane. The analysis of
a charged particle which presents anomalous magnetic moment in the presence of three
different configurations of magnetic fields along the z−direction, has been developed in
the context of the non-relativistic Schrodinger equation [14], and also relativistic Dirac
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equation [15] by Bordag and Voropaev. There they shown that bound states are present
if the magnetic moment is anti-parallel to the magnetic fields.
This paper is organized as follows: In Sect. 2 we develop the formalism needed to
analyse the problem under consideration, i.e., the non-relativistic quantum motion of
uncharged particle with anomalous magnetic moment in the presence of magnetic and
electric fields in a conical spacetime. Some mathematical details will be introduced in
order to derive the non-relativistic limit of the modified Dirac equation as a Schrodinger-
Pauli one, to analyse two different physical systems. We shall see that the equation
is a generalization of the similar one obtained by Anandan in a conical spacetime. In
Sect. 3 we explicitly analyse the quantum motion of an uncharged two-component spinor
field in azimuthal and radial, magnetic and electric fields, respectively. Because of the
presence of the anomalous moment, we obtain for the first case, two coupled second order
differential equations. Although looking simple this set of differential equations, we were
not able obtain an exact solution. However, for large total angular quantum number,
approximated solutions can be provided. Moreover, for bound states solutions we could
obtain the respective quantized energy. For the second case, considering only electric
field, we do not find bound states, only scattering ones take place and a phase shift can
be provided. As we shall see, for this case the scattering amplitude associated with both
components of the spinor field depend on the parameter α, which codifies the conical
structure of the spacetime, and also on the anomalous coupling factor κ. We leave for
Sect. 4 our most important remarks about our analysis of the system. In the Appendix we
present some specific calculations used to obtain the non-relativistic limit of the modified
Dirac equation in a conical spacetime in a more familiar and workable way.
2 The Equation of Motion
The electromagnetic interactions of mesons and nucleons depend strongly on their anoma-
lous electric and magnetic moments. For specific case of the neutron its magnetic moment
is −1.91µB, whereas the free Dirac equation predicts a zero value. It is possible to include
the effect of such interaction in the analysis of quantum motion if we abandon the prin-
ciple of minimal coupling [16]. For a flat spacetime instead of consider only the minimal
electromagnetic coupling, it is added an extra dipole interaction term:
6π = γ(a)(ih¯∂(a) − (e/c)A(a)) −→ 6π − κ µB
2h¯c
σ(a)(b)F(a)(b) , (13)
where κ is the anomalous factor, σ(a)(b) = 1/2[γ(a), γ(b)], µB = eh¯/2mc the Bohr magneton
and γ(a) the Dirac matrices.
However for a non-flat spacetime, we have to include the spin connection in the differ-
ential operator and define the respective Dirac matrices in this manifold. Taking a basis
tetrad eµ(a) satisfying the condition
eµ(a)e
ν
(b)η
(a)(b) = gµν , (14)
the spin connection Γµ can be expressed by
Γµ = −1
4
γ(a)γ(b)eν(a)e(b)ν;µ , (15)
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and the γ matrices in the curved spacetime by γµ = eµ(a)(x)γ
(a). In this way the modified
Dirac equation in the curved space reads:[
ih¯γµ(∂µ + Γµ)− e
c
γµAµ − κµB
2c
σµνFµν −mc
]
Ψ(x) = 0 . (16)
Because we have the intention to analyse the non-relativistic limit of this Dirac equation
a la procedure presented in [16], let us first to express it in terms of an Hamiltonian
formalism. After some intermediate steps we get:
HˆΨ(x) = ih¯∂tΨ(x) , (17)
with
Hˆ = cαi(−ih¯∂i + e
c
Ai) + eA0 − ich¯γ0γµΓµ + κµB
2
γ0σµνFµν + βmc
2 , (18)
where we have assumed that the time-time component of the metric tensor is equal to −1,
and defined αi = γ0γi and β = γ0 as usual. The γ−matrices obey the anticommutator
relations {γµ, γν} = −2gµν .
Now after this brief introduction let us specialize in the cosmic string spacetime whose
the metric tensor components are given by (1). Adopting the following representation to
the γ−matrices in a flat spacetime
γ(0) =
(
1 0
0 −1
)
, γ(a) =
(
0 σ(a)
−σ(a) 0
)
, (19)
with σ(a) being the standard Pauli matrices and a particular basis tetrad
eµ(a) =


1 0 0 0
0 cosφ − sinφ/αr 0
0 sin φ cos φ/αr 0
0 0 0 1

 . (20)
For the cosmic string spacetime
γµΓµ = −(α
−1 − 1)
2r
γr , (21)
with
γr = cosφγ(1) + sinφγ(2) =
(
0 σr
−σr 0
)
. (22)
Moreover the α−matrices are now written as
αi = ei(a)
(
0 σ(a)
σ(a) 0
)
=
(
0 σi
σi 0
)
, (23)
where σi = (σr, σφ, σz) are the Pauli matrices in cylindrical coordinates obtained from
the basis tetrad (20).
Now let us study the non-relativistic limit of the modified Dirac equation. In this limit
we have to extract from the wave-function its temporal behavior consequence of the rest
energy. So writing
Ψ = e−i(mc
2/h¯t)
(
ϕ
χ
)
, (24)
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we obtain the following differential equation:
cσiπi
(
χ
ϕ
)
+ ih¯
(α−1 − 1)
2r
cσr
(
χ
ϕ
)
+ eA0
(
ϕ
χ
)
+ iκµB
dΦ(r)
dr
σr ×
(
χ
−ϕ
)
− κµBF13αrσφ
(
ϕ
−χ
)
− 2mc2
(
0
χ
)
= ih¯∂t
(
ϕ
χ
)
, (25)
where πi = −ih¯∂i + (e/c)Ai. The “small” component of the wave function, χ, can be
related with its “large” one, ϕ, by
χ =
1
2mc
σi [−ih¯(∂i + Γi) + (e/c)Ai + iκ(µB/c)Ei]ϕ . (26)
It is worth to mention that the approach developed here allows to consider the two different
physical configurations at the same time. For the case where the magnetic interaction will
be considered we discard the electric field in our equations, and the opposite procedure
if we are considering electric interaction. Moreover, because vector potential posses only
component along the z−direction and the electric field is radial, and because g11 = g33 = 1,
we have Az = Az and E
r = Er, so we can see that σ
rEr = σiEi. We are writing
the general formalism above in order to be complete, however, later we shall consider
uncharged particle only, and these observations will not be essential anymore.
The remaining equation is:
cσi [−ih¯(∂i + Γi) + (e/c)Ai − iκ(µB/c)Ei]χ
+eA0ϕ− µBκF13αrσφϕ = ih¯∂tϕ . (27)
Now substituting (26) into the above equation we obtain:
HˆNRϕ = ih¯∂tϕ (28)
where
HˆNR =
σi(Πi − iκ(µB/c)Ei)σj(Πj + iκ(µB/c)Ej)
2m
+ eA0 − µBκαrF13σφ, (29)
where now Πi = −ih¯(∂i +Γi) + (e/c)Ai. In the Appendix we present specific calculations
used to write the above Hamiltonian in a more familiar and workable way. Our final
expression to it is:
HˆNR =
1
2m
1√
g(3)
(
Πi − κµB
c
( ~E × ~σ)i
) [
gij
√
g(3)
(
Πj − κµB
c
( ~E × ~σ)j
)]
+
κµBh¯
2mc
(~∇ · ~E) + h¯e
2mc
αr ~B · ~σ − eA0 + µBκαr ~B · ~σ − κ
2µ2B
2mc2
~E2 , (30)
where g(3) is the determinant of the spatial component of (1).
Having found the general expression to the non-relativistic Hamiltonian which governs
the motion of a charged particle with anomalous moment in the conical spacetime, and
in presence of a cylindrically symmetric radial and azimuthal electric and magnetic fields,
respectively, let us specialize in two distinct situations already mentioned. So the first
steps is to set the electric charge equal to zero. The second one in fact involves two
different approaches which will be considered independently in the next section.
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3 The Non-relativistic Motion
3.1 Motion in a Azimuthal Magnetic Field
This situation happens when the linear uniform electric current is running along the
z−axis in the cosmic string spacetime. For this case (30) reads:
HˆNR = − h¯
2
2m
1√
g(3)
∇i
(
gij
√
g(3)∇j
)
+ µBκ ~B · ~σ , (31)
where ∇i = ∂i + Γi. For the specific basis tetrad used here, the only non-vanishing spin
connection is:
Γϕ = i
(1 − α)
2
σz . (32)
As it has been pointed out by Anandan in [12], here we also can interpret the above
Hamiltonian as the operator which governs the motion of a ”charged” particle coupled
with SU(2) gauge potential Aµ = A
a
µσ
a in the conical spacetime. Comparing the above
expressions with the ordinary definition to the operator πi = −ih¯∂i + q/cAi, and the
electrostatic interaction −qA0, we can identify the “gauge potential” as:
Aa0 = µB(κ/q)B
a (33)
and
Aai = h¯c(1− α)/2q δφi δa3 , (34)
where the latter has purely geometric character. The two-component iso-spinor reads:
φ =
(
φ+
φ−
)
. (35)
After this identification, we pass now to develop the above Hamiltonian, which can be
written as:
HˆNR = − h¯
2
2m
∇2(α) −
ih¯
2m
(1− α)
α2r2
σz∂φ +
h¯2
2m
(1− α)2
4α2r2
− 2µBκj0
c
σφ , (36)
where ∇2(α) = ∂2r + 1/r∂r + (1/α2r2)∂2φ + ∂2z , is the Laplace-Beltrami operator in the
conical space. In the above expression we have substituted the explicit expression to
the magnetic field: Eq. (11). Because this system presents a invariance under boosts
along the z−direction the stationary states can be written as Ψ(t, ~x) = e−iEt/h¯eikzzu(r, θ).
Substituting this wave-function into the Schrodinger-Pauli equation we get the self-energy
equation:
HˆEffu(r, θ) = Eu(r, θ) , (37)
with
HˆEff = − h¯
2
2m
[
∂2r +
1
r
∂r +
1
α2r2
∂2φ
]
+
h¯2k2z
2m
+
ih¯2
2m
(1− α)
α2r2
σz∂φ
+
h¯2
2m
(1− α)2
4α2r2
− 2µBκj0
c
σφ . (38)
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For this system a total angular momentum operator can be defined as the sum of the
orbital and iso-spin parts
Jˆ = −i∂θ + (1/2)σz . (39)
It can be show that Jˆ commutes with the effective Hamiltonian. So it is possible to
express the eigenfunctions of the effective two dimensional Hamiltonian, HˆEff , in terms
of the eigenfunction of Jˆ . These functions have the form
uj(r, θ) =
eijθ√
r
(
u+(r) e
−iθ/2
iu−(r) e
iθ/2
)
, (40)
with j = n + 1/2 = ±1/2, ±3/2, ... .
Substituting (38) and (40) into (37) we obtain, after a few steps, a set of two coupled
radial differential equations:
u′′+(r)−
j(j − α)
α2r2
u+(r)− 4mµBκj0
αh¯2cr
u−(r) + k
2u+(r) = 0 (41)
and
u′′−(r)−
j(j + α)
α2r2
u−(r)− 4mµBκj0
αh¯2cr
u+(r) + k
2u−(r) = 0 , (42)
where k2 = 2mE/h¯2, being E = E − h¯2k2/2m. Setting κ = 0 we obtain two non-coupled
differential equations. Moreover, this system is symmetric under the transformation j →
−j and u+ ⇀↽ u−. The asymptotic behavior for both solutions can be obtained by taking
r → ∞. For both equations we get
u′′± + k
2u± = 0 , (43)
which gives rise to possibilities: (i) scattering states, u± ≃ e±ikr and (ii) bound states
if k2 = −k2B with u± ≃ e−kBr. It is of our interest in this sub-section to analyse
the possibility of this system to present bound states solutions. In this way, defining a
dimensionless variable z = kBr, we can in rewrite the two differential equations above as:
d2u+
dz2
− j(j − α)
α2z2
u+ − δ
z
u− − u+ = 0 (44)
and
d2u−
dz2
− j(j + α)
α2z2
u− − δ
z
u+ − u− = 0 , (45)
with
δ =
4mµBκj0
αh¯2kBc
. (46)
Defining
Ψ(r) =
(
u+(r)
u−(r)
)
, (47)
we can write these two equations above in terms of a 2×2 Hermitian Hamiltonian operator:
HˆΨ(r) = −Ψ(r) , (48)
with
Hˆ = −I(2)
(
d2
dz2
− j
2
α2z2
)
− σ(3) j
αz2
+ σ(1)
δ
z
, (49)
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being I(2) the identity matrix. Notice that the above system resemble with the Schrodinger
equation for a particle with mass M = 1/2 and E = −1 in the presence of a non-Abelian
Coulomb potential. This potential has strength δ and couples both components of the
effective radial wave-function (47). Considering this analogy, the Coulomb potential will
be attractive for negative value of δ and repulsive in the opposite case. Because we are
interested to analyse the possibility of this system to present bound states, let us assume
κ negative. This is what happens with the neutron, which presents κ = −1.91. Taking
δ = −|δ| in previous equations we get:
d2u+
dz2
− j(j − α)
α2z2
u+ +
|δ|
z
u− − u+ = 0 (50)
and
d2u−
dz2
− j(j + α)
α2z2
u− +
|δ|
z
u+ − u− = 0 . (51)
Although looks simple this set of coupled differential equation, we could not obtain
an exact solution for it. However our main interest in this paper is to investigate the
possibility of this system to present bound states. In this sense we can proceed on this
analysis to the case where the total angular quantum number |j| is much grater than α.
Accepting this situation, two distinct classes of solutions can be analyzed: i) u+ = −u−
and ii) u+ = u−. For the first class the effective Coulomb potential becomes repulsive
in both differential equations, so no bound state can be formed. However for the second
class, it becomes attractive making possible the existence of bound states. For the latter
both equations can be written as:
d2f(z)
dz2
− j
2
α2z2
f(z) +
|δ|
z
f(z)− f(z) = 0 . (52)
The solution to this equation regular at origin is:
f(z) = M
|δ|/2,
√
1/4+j2/α2
(2z) , (53)
where Mλ,µ(z) is the Whittaker function [17], which is expressed in terms of confluent
hypergeometric function as:
Mλ,µ(z) = z
µ+1/2e−z/2Φ(µ− λ+ 1/2, 2µ+ 1, z) . (54)
In order to obtain bound states solution, one has to impose specific condition on the
parameter µ − λ + 1/2 to terminate the series, transforming it in a polynomial. This
condition is to make this parameter equal to a non positive integer number. For our case
this condition provides√
1
4
+
j2
α2
+
1
2
− |δ|
2
≈ |j|
α
+
1
2
− |δ|
2
= −n , (55)
n being 0, 1, 2, .... Substituting the expression to δ given (46), kB =
√
2m|E|/h¯ and
after some intermediate steps we find:
E = E − h¯
2k2z
2m
= − 8mµ
2
Bκ
2j20
α2h¯2c2(2n+ 1 + 2|j|/α)2 . (56)
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3.2 Motion in the Radial Electric Field
This situation happens in disclinated medium with α bigger than unity. In this case a
linear electric charge distribution may be localized along the z−axis. For this case (30)
becomes:
HˆNR = − h¯
2
2m
1√
g(3)
(
∇i − iAi
h¯
) [
gij
√
g(3)
(
∇j − iAj
h¯
)]
− κ
2µ2B
2mc2
~E2 , (57)
which can be seen as a Hamiltonian that governs the motion of a SU(2) ”charged” iso-
spinor particle interacting with a non-Abelian vector potential
Ai = ch¯
(1− α)
2q
σzδφi −
aic
q
(58)
with
a1 = 0 , a2 = −κµBαr
c
Erσz , a3 =
κµBαr
c
Erσφ (59)
and Abelian scalar potential
A0 = − κ
2µ2B
2mc2q
~E2 (60)
in conical spacetime. q being the ”electric” charge associated with these potentials. In
(57) we have dropped the term ~∇ · ~E, which is proportional to the electric charge density
of the source giving by a delta-function concentrated on the defect: ~∇ · ~E = 2(λ/r)δ(r).
This procedure is allowed for wave-function that vanish at origin. However, as will be
mentioned later, by constructing adjoint extension of the above Hamiltonian, specific
irregular solutions are accepted.
The complete expansion to the above Hamiltonian contains many terms which can be
conveniently grouped. Inside the brackets there appears a term exactly twice the similar
one square in the electric field however with positive sign. So, after some intermediate
steps the Hamiltonian can be written as
HˆNR = − h¯
2
2m
∇2(α) −
ih¯2(1− α)
2m
σz
α2r2
∂φ +
h¯2
2m
(1− α)2
4α2r2
− ih¯κµBE
rσz
mcαr
∂φ
+
h¯κµBE
r(1− α)
2mcαr
+
ih¯κµBαrE
rσφ
mc
∂z +
κ2µ2B
2mc2
(Er)2 . (61)
As in the previous analysis this system presents a invariance under boosts along the
z−direction, so its stationary states can be written as Ψ(t, ~x) = e−iEt/h¯eikzzu(r, θ). Sub-
stituting this wave-function into the Schrodinger-Pauli equation
HˆEffu(r, θ) = Eu(r, θ) , (62)
we obtain
HˆEff = − h¯
2
2m
[
∂2r +
1
r
∂r +
1
α2r2
∂2φ
]
− ih¯
2(1− α)
2m
σz
α2r2
∂θ +
h¯2
2m
(1− α)2
4α2r2
− ih¯κµBE
rσz
mcαr
∂φ +
h¯κµBE
r(1− α)
2mcαr
− h¯κµBαrE
rσφkz
mc
+
κ2µ2B
2mc2
(Er)2 . (63)
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As in the previous analysis we can verify that the total angular operator Jˆ commutes
with HˆEff above, consequently we can use the same procedure expressing its eigenfunc-
tions as exhibited in (40). Moreover, from the explicit form of the effective Hamiltonian,
we can observe that choosing kz = 0, it becomes diagonal, consequently the upper and
lower components of the wave-function do not interact among themselves. So, for simplic-
ity only, let us consider this possibility. Finally taking into account all the observations
mentioned, and after some intermediate steps we arrive at:
u′′+(r)−
j(j − α)
α2r2
u+(r)− κµB(2j − α)
h¯cαr
Eru+(r)− κ
2µ2B(E
r)2
h¯2c2
u+(r) = −k2u+(r) (64)
and
u′′−(r)−
j(j + α)
α2r2
u−(r) +
κµB(2j + α)
h¯cαr
Eru−(r)− κ
2µ2B(E
r)2
h¯2c2
u−(r) = −k2u−(r) (65)
with k2 = 2mE/h¯2. Substituting the expression to the electric field (12) and defining a
new variable z = kr we can notice that both equations take the form
d2u±(z)
dz2
− γ±
z2
u±(z) + u±(z) = 0 , (66)
where
γ± =
j(j ∓ α)
α2
± 2κµBλ(2j ∓ α)
α2h¯c
+
4κ2µ2Bλ
2
α2h¯c2
. (67)
The general solution for these equations are given in terms of Bessel functions: u±(z) =√
z(Aν±Jν±(z) +Bν±J−ν±(z)) with
ν± =
√
1
4
+ γ± =
∣∣∣∣∣nα +
1∓ α
2α
± 2κµBλ
αh¯c
∣∣∣∣∣ , (68)
where we have substituted j = n+ 1/2.
The scattering amplitude associated with this system can be evaluated by using
partial-wave analysis. A few years ago, Hagen showed that, similarly with happens in
the Aharonov-Bohm scattering for spin−1/2 particles by an idealized solenoid [18], the
admissible solutions to the above equations are the regular one, unless ν± be smaller than
unity [19]. In this case, irregular solutions becomes the only ones acceptable. So, to calcu-
late the scattering amplitude associated with this system by using partial-wave analysis,
both kind of solutions must be taken into account. Defining 2κµBλ/(h¯c) = N + δ, with
N being an integer number and 0 ≤ δ < 1, the acceptable singular solutions are given by
n = −N − 1 to u+(z) and by n = N to u−(z). For both, the order of the singular Bessel
function is
ν = −1 + α
2α
+
δ
α
= −β , (69)
provided 0 < β < 1 1.
1The system of spin−1/2 particle with anomalous magnetic moment in presence of a idealized solenoid
has been analyzed in [20] in a non-relativistic context. There by applying the method of von Neumann
to provide a self-adjoint extension to the Hamiltonian, they also shown that singular solutions to the
wave-equation are accepted.
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The regular effective two dimensional wave function (40) is now written as:
uj(r, θ) = un(r, θ) = e
inθ
(
cn+Jν+(kr)
cn−Jν−(kr) e
iθ
)
, (70)
where the coefficients c+n and c
−
n can be determined by imposing that the complete wave-
function given below, for large values of r, behaves as an incident plane wave coming from
the right:
ψ(r, θ) =
∑′
un(r, θ) +
(
e−i(N+1)θei(pi/2)βJ−β(kr)
ei(N+1)θei(pi/2)βJ−β(kr)
)
. (71)
In the above expression the prime on the summation indicates the exclusion of the irregular
solutions. Using the asymptotic behavior for the Bessel functions, the coefficients c+n and
c−n are given by:
c+n = e
−i(pi/2)ν+
c−n = e
−i(pi/2)ν− (72)
with θ = π + θ′.
In order to calculate the complete scattering amplitude associated with this system,
it is more convenient to write (71) as shown below:
ψ(r, θ) = ψR(r, θ) + ψI(r, θ) , (73)
with
ψR(r, θ) =
∞∑
n=−∞
un(r, θ) (74)
and
ψI(r, θ) =
(
ei(pi/2)βJ−β(kr)− e−i(pi/2)βJβ(kr)
)( e−i(N+1)θ
ei(N+1)θ
)
. (75)
So to obtain the complete scattering amplitude, two distinct contributions can be sepa-
rately calculated.
The scattering amplitude associated with the regular solutions, fR(θ), can be calcu-
lated by using the phases shift δ+n and δ
−
n , obtained from the asymptotic behavior of each
component of (74). It is:
fR(θ) =
1√
2πik
∞∑
n=−∞
einθ
(
e2iδ
+
n − 1
e2iδ
−
n − 1
)
=
(
f+(θ)
f−(θ)
)
. (76)
with
δ+n = −
π
2
ν+ +
π
2
|n|
δ−n = −
π
2
ν− +
π
2
|n| . (77)
From the above expressions we can see that both components of the wave-function have
different phase shifts, and these phase shifts present two distinct contributions: from the
geometry of the spacetime itself codified by the parameter α, and by the anomalous factor
κ. Due to its non-Abelian character, the Aharonov-Bohm phase associated with the latter
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presents opposite sign. Because of the dynamics of each component does not depend on
the other, their respective scattering amplitude can be calculated independently. Let us
now develop these calculations using the partial-wave analysis:
δ+n =
{ −nω
2
− υ+
2
, n ≥ −N ,
nω
2
+ υ
+
2
, n < − N (78)
and
δ−n =
{
−nω
2
+ υ
−
2
, n ≥ N ,
nω
2
− υ−
2
, n < N
(79)
where ω = π(α−1−1) and υ± = Nπ/α±ω/2+πδ/α. Here we shall adopt the traditional
approach to procedure the summation. We separate the complete sum in n from −N to
∞ and from −∞ to −N − 1 to the upper component, and from N to ∞ and from −∞
to N − 1 to the lower one, using the respective value to the phase shift in the specific
intervals; moreover in evaluating the sums we replace θ by θ + iǫ in the first summations
and by θ− iǫ in the second. All the summations can be done by usual way and after taken
the limit ǫ→ 0. Considering only scattering particle with θ 6= 0 , ω and −ω, we get:
f+R (θ) =
e−i(N+1/2)θ
2i
√
2πik
[
eipiδ/α−iNpi
sin( θ+ω
2
)
− e
−ipiδ/α+iNpi
sin( θ−ω
2
)
]
(80)
and
f−R (θ) =
ei(N−1/2)θ
2i
√
2πik
[
eipiδ/α+iNpi
sin( θ−ω
2
)
− e
−ipiδ/α−iNpi
sin( θ+ω
2
)
]
(81)
Considering the case with α = 1, ω = 0, we have
f+R (θ) = (−1)N
e−i(N+1/2)θ√
2πik
sin(πδ)
sin(θ/2)
(82)
and
f−R (θ) = (−1)N
ei(N−1/2)θ√
2πik
sin(πδ)
sin(θ/2)
. (83)
The expression (76) to the scattering amplitude, has been obtained by standard pro-
cedure which consists to substitute the asymptotic behavior for the Bessel function in
(74); however it has been pointed out by Hagen [21] that for large values of the order of
the Bessel function, this procedure becomes inappropriate. One has to sum up first and
then take the limit kr →∞. Using the integral representation to the Bessel function [17]
Jν(z) =
1
π
∫ pi
0
dt cos(νt− z sin t)− sin νt
π
∫ ∞
0
dte−νt−z sinh t , (84)
this approach can be applied. Because we are interested to calculate the scattering
wave-function which behaves for large r as eikr/
√
r, we need only to use the integral
1/(2π)
∫ pi
0 dte
−iνt+iz sin t. Substituting this integral in (74) and summing the geometric se-
ries according to the procedure indicate above, we obtain two integrals contributions for
each component f+R and f
−
R . Changing the variable t to t
′ + π/2 and taking the limit
kr → ∞, both integrals can be approximately evaluated providing for the scattering
amplitude the same result as obtained before.
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The contribution to the scattering amplitude due to (75) can also be calculated sepa-
rately for both components. Their results are easily obtained:
f+I (θ) = −(−1)Ne−i(N+1)θ
√
2i
πk
sin(πβ) (85)
and
f−I (θ) = −(−1)Nei(N+1)θ
√
2i
πk
sin(πβ) . (86)
4 Concluding Remarks
In this paper we have explicitly analysed the non-relativistic quantum motion of a neu-
tral particle possessing an anomalous magnetic moment in the presence of magnetic and
electric fields in a conical spacetime. Two different physical systems have been investi-
gated. The particle interacting with an azimuthal magnetic field and a radial electric
one. In the first case we have shown that bound states between the neutral particle and
uniform electric current may be formed, and the respective self-energy calculated. From
our result, Eq. (56), we observe that because α 6= 1, the effective quantum number
2n + 1 + 2|j|/α is not an integer one. This fact reduces the degree of degeneracy of this
”Coulomb” problem. In the second analysis we have shown that the electric interaction,
together with the geometric one, contribute only to the scattering phase shift. Also from
(77) we can see that the scattering phase shifts associated with both components of the
fermionic wave-function depend on the geometry itself by the parameter α and by the
interaction between the anomalous magnetic moment and the electric field. Because of
the non-Abelian character associated with the latter, the scattering amplitude for both
components present opposite sign in their respective phases for regular functions. An-
other point that we should mention is that Hagen has considered in his analysis about
the Aharonov-Casher scattering [19] two degrees of freedom associated with the spin.
Here we have explicitly use one. Including both degrees we would have reached the same
conclusions as we did in sub-sections (3.1) and (3.2).
Bound states solutions for a neutral particle in a magnetic field of linear current density
have been first investigated by Pron’ko and Stroganov [22] in a flat spacetime. There,
exploring a hidden O(3) dynamical symmetry to the system, the authors found an exact
energy spectrum, which in our notation reads:
En = −2mµ
2
Bκ
2j20
h¯2c2n2
, (87)
being n = 1, 2, 3... . A few years latter Blu¨mel and Dietrich [23] returned to this
system, and considering the limit |j| >> 1 in the set of differential equations, they found
an approximated solution to the energy spectrum similar to ours, without the factor
α. Moreover, using variational method they also showed that the improved results to
the energy spectrum has no significant difference in the limit of large angular quantum
number. Unfortunately, because we are considering this system in a conical spacetime,
we could not find to the effective two-dimensional Hamiltonian operator (38) the same
degree of symmetry found in [22]. So only approximated results to the energy spectrum
has been provided.
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The main result of this analysis was to provide energy spectrum to a neutral particle
in a magnetic field of a linear current density superposed to a conical singularity. This
analysis may be useful to study the quantum motion of neutral spin−1/2 particle in
disclinated medium in presence of electric current.
The analysis of Landau levels of charged particles in the presence of disclinations has
been developed a few years ago [24]. There bound states were found, even considering the
effect of a repulsive self-interaction. Here we obtained bound states for neutral particle
as a consequence of the interaction between its anomalous magnetic moment with an
azimuthal magnetic field.
Finally we would like to finish this paper by saying that a similar analysis, could also
be develop if instead of an anomalous magnetic moment the particle had an anomalous
electric dipole moment. In this case we had to to change F(a)(b) in (13) by its dual
∗F(a)(b) =
1
2
ǫ(a)(b)(c)(d)F
(c)(d).
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A Development of the Non-relativistic Hamiltonian
Here we shall present some intermediate steps used to obtain (30) from (29). First we
need to find
Πiσ
j = −ih¯∇iσj + e
c
Aiσ
j , (88)
with ∇i = ∂i + Γi; however
∇iσj = ∂iσj + σj∂i + Γiσj
= σj∇i + ∂iσj + [Γi, σj ] . (89)
So we need σi(∂iσ
j). Writing σj = ei(a)σ
(a), being σ(a) the constant Pauli matrix and ei(a)
the basis tetrad. We find
σi(∂iσ
j) =
1
αr
gij + i(1− α)g2jσz . (90)
We also need to find the commutator [Γi, σ
j ], where for this system the only non-vanishing
spin connection is:
Γφ = i(1 − α)σ
z
2
. (91)
So, σi[Γi, σ
j ] = i(1 − α)/2σφ[σz, σj]. Again, expressing the σ−matrices in the conical
spacetime in terms of the constants one, and developing the the commutator, we get:
σi[Γi, σ
j] = −1− α
αr
g1j − i(1− α)g2jσz . (92)
Adding (90) and (92) we obtain
σi(∂iσ
j) + σi[Γi, σ
j] =
1
r
g1j . (93)
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After we have done this procedure, we have written (29) in terms of σiσj(Πi −
iκµB/cEi)(Πj + iκµB/cEj). Using the relation
σiσj = gij + i
ǫijm√
g(3)
gmkσ
k , (94)
being g(3) is the determinant of the space section of (1) and ǫijm the totally anti-symmetric
symbol with ǫ123 = 1. We could have stopped our calculation at this point; however, in
order to compare our expression with similar one obtained by Anandan in [12] to ordinary
flat spacetime, we decided to present our result in terms of the modified linear operator
Πi − κ(µB/c)( ~E × ~σ)i. So we can observe that (30) is a generalization of the Eq. (8) of
[12] written in a conical spacetime.
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